The main technical result of the paper is a Bochner type formula for the sub-laplacian on a quaternionic contact manifold. With the help of this formula we establish a version of Lichnerowicz' theorem giving a lower bound of the eigenvalues of the sub-Laplacian under a lower bound on the Sp(n)Sp(1) components of the qc-Ricci curvature. It is shown that in the case of a 3-Sasakian manifold the lower bound is reached iff the quaternionic contact manifold is a round 3-Sasakian sphere. Another goal of the paper is to establish a-priori estimates for square integrals of horizontal derivatives of smooth compactly supported functions. As an application, we prove a sharp inequality bounding the horizontal Hessian of a function by its sub-Laplacian on the quaternionic Heisenberg group.
Introduction
The first circle of results of this paper are motivated by the classical theorems of Lichnerowicz [32] and Obata [36] giving correspondingly a lower bound of the first eigenvalue of the Laplacian on a compact manifold with a Ricci bound and characterizing the case of equality. In fact, in [32] it was shown that for every compact Riemannian manifold of dimension n for which the Ricci curvature is greater than or equal to that of the round unit n-dimensional sphere S n (1), i.e., Ric(X, Y ) ≥ (n − 1)g(X, Y )
we have that the first positive eigenvalue λ 1 of the (positive) Laplace operator is greater than or equal to the first eigenvalue of the sphere, λ 1 ≥ n.
Subsequently in [36] it was shown that the lower bound for the eigenvalue is achieved iff the Riemannian manifold is isometric to S n (1). Lichnerowicz proved his result using the classical Bochner-Weitzenböck formula. In turn, Obata showed that under these assumptions the eigenfunction φ satisfies the system ∇ 2 φ = −φg, after which he defines an isometry using analysis based on the geodesics and Hessian comparison of the distance function from a point. Later Gallot [20] generalized these results to statements involving the higher eigenvalues and corresponding eigenfunctions of the Laplace operator.
It is natural to ask if there is a sub-Riemannian version of the above results. Greenleaf [23] gave a version of Lichnerowicz' result on a compact strongly pseudo-convex CR manifold. Suppose M is 2n + 1, n ≥ 3 dimensional strongly pseudo-convex CR manifold. If Ric(X, Y ) + 4A(X, JY ) ≥ (n + 1)g(X, X) for all horizontal vectors X, where Ric and A are, correspondingly, the Ricci curvature and the Webster torsion of the Tanaka-Webster connection (in the notation from [30, 29] ), then the first positive eigenvalue λ 1 of the sub-Laplacian satisfies the inequality λ 1 ≥ n. The standard CR structure on the sphere achieves equality in this inequality. Further results in the CR case have been proved in [33] , [14] , [11, 10, 9] , [3] and [12] adding a corresponding inequality for n = 1, or characterizing the equality case in the vanishing torsion case (the Sasakian case).
One purpose of this paper is to consider these questions in the setting of a closed compact quaternionic contact manifold. The Lichnerowicz type result is as follows. Ric(X, X) + 2(4n + 5) 2n + 1 T 0 (X, X) + 3(2n 2 + 5n − 1) (n − 1)(2n + 1) U (X, X) ≥ k 0 g(X, X)
for some positive constant k 0 then any positive eigenvalue λ of the sub-Laplacian △ satisfies the inequality
The second goal then is to investigate the case of equality in Theorem 1.1. We restrict our considerations to the case when the torsion of the Biquard connection vanishes, T 0 = U = 0. In this case it is known [24] that the qc manifold is qc-Einstein, Ric = k.g, the qc-scalar curvature is constant (n > 1) and if it is positive then the qc manifold is locally qc equivalent to a 3-Sasakian space. The corresponding result in the negative scalar curvature case can be found in [28] and [29] . We prove the following result. Theorem 1.2. Let (M, g, Q) be a compact qc-Einstein manifold of dimension 4n + 3 > 7 of qc scalar curvature Scal = 16n(n + 2),
Scalg(X, Y ) = 4(n + 2)g(X, Y ).
The first positive eigenvalue λ 1 of the sub-Laplacian equals 4n if and only if (M, g, Q) is qc equivalent to the 3-Sasakian sphere of dimension 4n + 3.
In particular, on a 3-Sasakian manifold of dimension (4n+3), n > 1, the first positive eigenvalue of the sub-laplacian is equal to 4n if and only if the 3-Sasakian manifold is qc-equivalent to the 3-Sasakian sphere.
We note that in [26] is given an explicit formula for the eigenfunctions of the above eigenvalue, see also [1] .
The second main theme of the paper is the derivation of an a-priori inequality between the (horizontal) Hessian and sub-Laplacian. For the Heisenberg group a corresponding sharp estimate was found in [17] . Equipped with our estimate we precise the scope of use of [16] for the quaternionic Heisenberg group. We recall that the main application is the establishment of the C 1,α regularity for the p sub-Laplacian with p close to 2. The exact interval for p around 2 is determined by the constant found in this paper. Using Bochner's identity we will find an integral identity. Such integral identities have been exploited earlier in [21] in the setting of Carnot groups. A similar method based on Greenleaf's formula was employed in [13] , but due to the different quaternionic linear algebra our proof proceeds in a way particular to the quaternionic case. Here we prove the following result.
The proofs of the last Theorem is presented in Section 6. 
Quaternionic contact manifolds
In this section we will briefly review the basic notions of quaternionic contact geometry and recall some results from [4] , [24] and [27] which we will use in this paper.
2.1.
Quaternionic contact structures and the Biquard connection. A quaternionic contact (qc) manifold (M, g, Q) is a 4n + 3-dimensional manifold M with a codimension three distribution H locally given as the kernel of a 1-form η = (η 1 , η 2 , η 3 ) with values in R 3 . In addition H has an Sp(n)Sp(1) structure, that is, it is equipped with a Riemannian metric g and a rank-three bundle Q consisting of endomorphisms of H locally generated by three almost complex structures I 1 , I 2 , I 3 on H satisfying the identities of the imaginary unit quaternions, I 1 I 2 = −I 2 I 1 = I 3 , I 1 I 2 I 3 = −id |H which are hermitian compatible with the metric g(I s ., I s .) = g(., .) and the following compatibility condition holds 2g(I s X, Y ) = dη s (X, Y ), X, Y ∈ H. A special phenomena, noted in [4] , is that the contact form η determines the quaternionic structure and the metric on the horizontal distribution in a unique way.
If the first Pontryagin class of M vanishes then the 2-sphere bundle of R 3 -valued 1-forms is trivial [2] , i.e. there is a globally defined form η that anihilates H, we denote the corresponding qc manifold (M, η). In this case the 2-sphere of associated almost complex structures is also globally defined on H.
On a qc manifold with a fixed metric g on H there exists a canonical connection defined in [4] when the dimension (4n + 3) > 7, and in [18] for the 7-dimensional case.
Theorem 2.1. . [4] Let (M, g, Q) be a qc manifold of dimension 4n + 3 > 7 and a fixed metric g on H in the conformal class [g] . Then there exists a unique connection ∇ with torsion T on M 4n+3 and a unique supplementary subspace V to H in T M , such that: i) ∇ preserves the decomposition H ⊕ V and the Sp(n)Sp(1) structure on H, i.e. ∇g = 0, ∇σ ∈ Γ(Q) for a section σ ∈ Γ(Q), and its torsion on H is given by
iii) the connection on V is induced by the natural identification ϕ of V with the subspace sp(1) of the endomorphisms of H, i.e. ∇ϕ = 0.
In ii), the inner product <, > of End(H) is given by < A, B >= 4n i=1 g(A(e i ), B(e i )), for A, B ∈ End(H). We shall call the above connection the Biquard connection. When the dimension of M is at least eleven [4] also described the supplementary distribution V , which is (locally) generated by the so called Reeb vector fields {ξ 1 , ξ 2 , ξ 3 } determined by
where denotes the interior multiplication. If the dimension of M is seven Duchemin shows in [18] that if we assume, in addition, the existence of Reeb vector fields as in (2.1), then Theorem 2.1 holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1). The qc conformal curvature tensor W qc , introduced in [27] , is the obstruction for a qc structure to be locally qc conformal to the flat structure on the quaternionic Heisenberg group G (H). A qc conformally flat structure is also locally qc conformal to the standard 3-Sasaki sphere due to the local qc conformal equivalence of the standard 3-Sasakian structure on the (4n + 3)-dimensional sphere and the quaternionic Heisenberg group [24, 27] .
Notice that equations (2.1) are invariant under the natural SO(3) action. Using the triple of Reeb vector fields we extend g to a metric on M by requiring span{ξ 1 , ξ 2 , ξ 3 } = V ⊥ H and g(ξ s , ξ k ) = δ sk . The extended metric does not depend on the action of SO(3) on V , but it changes in an obvious manner if η is multiplied by a conformal factor. Clearly, the Biquard connection preserves the extended metric on T M, ∇g = 0. Since the Biquard connection is metric it is connected with the Levi-Civita connection ∇ g of the metric g by the general formula
The covariant derivative of the qc structure with respect to the Biquard connection and the covariant derivative of the distribution V are given by
The sp(1)-connection 1-forms α s on H are expressed in [4] by
while the sp(1)-connection 1-forms α s on the vertical space V are calculated in [24] 
where S is the normalized qc scalar curvature defined below in (2.11) . The vanishing of the sp(1)-connection 1-forms on H implies the vanishing of the torsion endomorphism of the Biquard connection (see [24] ).
The fundamental 2-forms ω s of the quaternionic structure Q are defined by
Due to (2.6), the torsion restricted to H has the form 
The two Sp(n)Sp(1)-invariant components are given by
with the following characterizing equations
With a short calculation one sees that the Sp(n)Sp (1) 
where the upperscript + + + means commuting with all three I i , + − − indicates commuting with I 1 and anticommuting with the other two and etc. The skew-symmetric part can be represented as b ξi = I i u, where u is a traceless symmetric (1,1)-tensor on H which commutes with I 1 , I 2 , I 3 . If n = 1 then the tensor u vanishes identically, u = 0 and the torsion is a symmetric tensor, T ξ = T 0 ξ . Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in addition the qc scalar curvature (see (2.11) ) is a positive constant [24] . We remind that a (4n + 3)-dimensional Riemannian manifold (M, g) is called 3-Sasakian if the cone metric g c = t 2 g + dt 2 on C = M × R + is a hyper Kähler metric, namely, it has holonomy contained in Sp(n + 1) [6] . A 3-Sasakian manifold of dimension (4n + 3) is Einstein with positive Riemannian scalar curvature (4n + 2)(4n + 3) [31] and if complete it is compact with a finite fundamental group, (see [5] for a nice overview of 3-Sasakian spaces). The sp(1)-part of R is determined by the Ricci 2-forms and the connection 1-forms by
, have the properties:
In dimension seven (n = 1), the tensor U vanishes identically, U = 0. We shall need the following identity taken from [27, Proposition 2.3]
Thus, taking into account (2.14) we have the formula
Definition 2.2. A qc structure is said to be qc Einstein if the horizontal qc-Ricci tensor is a scalar multiple of the metric, Ric(X, Y ) = 2(n + 2)Sg(X, Y ).
The horizontal Ricci tensor and the horizontal Ricci 2-forms can be expressed in terms of the torsion of the Biquard connection [24] (see also [25, 27] 
For n = 1 the above formulas hold with U = 0. The qc Einstein condition is equivalent to the vanishing of the torsion endomorphism of the Biquard connection. In this case S is constant and the vertical distribution is integrale provided n > 1.
2.5.
The Ricci identities. We shall use repeatedly the following Ricci identities of order two and three, see also [27] . Let ξ i , i = 1, 2, 3 be the Reeb vector fields, X, Y ∈ H and f a smooth function on the qc manifold M with ∇f its horizontal gradient of f , g(∇f, X) = df (X). We have:
where we used (2.7) in the last equalities in the first and the fourth lines.
2.6. The horizontal divergence theorem. Let (M, g, Q) be a qc manifold of dimension 4n + 3 > 7 For a fixed local 1-form η and a fix s ∈ {1, 2, 3} the form
s is a locally defined volume form. Note that V ol η is independent on s as well as it is independent on the local one forms η 1 , η 2 , η 3 . Hence it is globally defined volume form denoted with V ol η . We consider the (horizontal) divergence of a horizontal vector field/one-form σ ∈ Λ 1 (H) defined by (2.19) ∇ * σ = −tr| H ∇σ = −∇σ(e a , e a ).
We need the following Proposition from [24] , see also [37] , which allows "integration by parts". 
The Bochner formula for the sub-Laplacian
The horizontal sub-Laplacian △f and the norm of the horizontal gradient ∇f of a smooth function f on M are defined respectively by
The function f is an eigenfunction with eigenvalue λ of the sub-Laplacian if
for some constant λ. The divergence formula implies that on a compact qc manifolds all eigenvalues of the sub-Laplacian are non-negative. Our main result Theorem 1.1 gives a lower bound on the positive eigenvalues. Therefore, Theorem 1.1 can also be interpreted as giving a bound from below on the first eigenvalue λ 1 , i.e., of the smallest positive eigenvalue for which (3.2) holds. We start with the proof of the following Bochner-type formula.
Theorem 3.1. On a qc manifold of dimension 4n + 3 the next formula holds true
Proof. By definition we have
To evaluate the first term in the right hand side of (3.4) we use the Ricci identities (2.17 ). An application of (2.3) to (2.7) gives
Applying successively the Ricci identities (2.17) and also (3.5) we obtain the next sequence of equalities Our next goal is to evaluate in two ways the last term of (3.7). First using the Sp(n)Sp(1)-invariant orthogonal decomposition Ψ [3] ⊕ Ψ [−1] of all linear maps on H, we obtain the Sp(n)Sp(1)-invariant decomposition of the horizontal Hessian ∇ 2 f (after the usual identification of tensors through the metric), namely (3.9) (∇ 2 f ) [3] 
We continue with the next lemma where we give the first formula for the last term of (3.7).
Lemma 3.3. On a compact qc manifold of dimension 4n + 3 the next integral formula holds
Proof. We recall that an orthonormal frame {e 1 , e 2 = I 1 e 1 , e 3 = I 2 e 1 , e 4 = I 3 e 1 , . . . , e 4n = I 3 e 4n−3 , ξ 1 , ξ 2 , ξ 3 } is a qc-normal frame (at a point) if the connection 1-forms of the Biquard connection vanish (at that point). Lemma 4.5 in [24] asserts that a qc-normal frame exists at each point of a qc manifold.
Using the identification of the 3-dimensional vector spaces spanned by {ξ 1 , ξ 2 , ξ 3 } and {I 1 , I 2 , I 3 } with R 3 , the restriction of the action of Sp(n)Sp(1) to this spaces can be identified with the action of the group SO(3), i.e., ξ i = 3 t=1 Ψ itξt and I i = 3 t=1 Ψ itĪt , i = 1, 2, 3 with Ψ ∈ SO(3). One verifies easily that the horizontal 1-form
is Sp(n)Sp(1) invariant on H, for exampleB(X) = (detΨ) B(X) = B(X). Thus, it is sufficient to compute the divergence of B in a qc-normal frame. To avoid the introduction of new variables we shall assume that {e 1 , . . . , e 4n , ξ 1 , ξ 2 , ξ 3 } is a qc-normal frame.
Using that the Biquard connection preserves the splitting of T M , the Ricci identities (2.17), the definition of τ s and (2.7), we find Using the orthogonality of the spaces Ψ [3] and Ψ [−1] we have
A substitution of the last equality in (3.11) and the divergence formula give (3.10). This completes the proof of the Lemma.
The second integral formula for the last term in (3.7) follows.
Lemma 3.4. On a compact qc manifold of dimension 4n + 3 the following integral formula holds
Proof. Note, that by definition we have
.
From the Ricci identities we have
Let us consider the Sp(n)Sp(1) invariant horizontal 1-form defined by
whose divergence is (computing as usual in a qc normal frame) In the above calculation we used the second formula of (2.17) to obtain the second equality of (3.15 
Following Greenleaf [23] , we represent the last term in (4.1) as follows
where c is a constant. Then we apply Lemma 3.3 and Lemma 3.4, correspondingly, to the first and the second terms in the obtained identity after which the above equality (4.1) takes the form
Equation (4.2) can be simplified as follows
Using that
while a projection on
We obtain from (4.3) taking into account (4.5) and (4.4) that for any constant c such that
we have the following inequality
The coefficient in front of 3 s=1 (df (ξ s )) 2 is non-negative provided c ≤ n−1 4n−1 , so in order to cancel the 3 s=1 (df (ξ s )) 2 term we take
Note that the inequalities (4.6) are satisfies and with this choice of c (4.7) yields 
where (4.12) α n = 2(4n + 5) 2n + 1 , β n = 3 2n 2 + 5n − 1 (2n + 1)(n − 1)
At this point we let f be an eigenfunction of the sub-Laplacian with eigenvalue λ, i.e., (3.2) holds. An integration by parts yields
Let us assume n ≥ 2. A substitution of (4.13) and (4.11) in (4.9) gives
The conditions of the theorem together with (4.14) yield the inequality
which implies the desired inequality λ ≥ n n + 2 k 0 .
This completes the proof of Theorem 1.1. 
df (ξ s )ω s (X, Y ).
Proof of Theorem 1.2
We proof Theorem 1.2 using the Lichnerowicz' estimate for the first positive eigenvalue of Riemannian Laplacian and the Obata' theorem [36] which says that the equality in the Lichnerowicz' estimate is achieved only on the round sphere.
5.1.
Relation between the Laplacian and the sub-Laplacian. We start with the next lemma relating the Riemannian Laplacian and the sub-Laplacian. Proof. By definition, △ g f = − 4n a=1 ∇ g df (e a , e a ) − 3 s=1 ∇ g df (ξ s , ξ s ), where {e 1 , . . . , e 4n , ξ 1 , ξ 2 , ξ 3 } is an orthonormal basis of H ⊕ V . Write df for the gradient of f , the last equality can be write in the form (5.2) △ g f = −g(∇ g ea df , e a ) −
Recalling the formula for the Ricci tensor in Theorem 2.3, (3.8) and (4.10) after a short simplification (using that n > 1) we obtain the desired inequality, which completes the proof.
For a qc-Einstein manifold, where T 0 = U = 0, Theorem 1.3 gives the next corollary taking into account that a qc-Einstein manifold of dimension eleven and higher is of constant scalar curvature, see [24] . Corollary 6.1. Let (M, η) be a (4n + 3)-dimensional qc-Einstein manifold, n > 1. For any f ∈ C ∞ o (M ) we have
For the quaternionic Heisenberg group with its standard qc structure, see [24] and [29] , the above Corollary gives the following result. The point here is the precise value of the constant c n since even the more general Calderón-Zygmund L p version is well known to hold on nilpotent Lie groups, see [19] for an excellent overview. Corollary 6.2. Let (G (H),Θ) be the (4n + 3)-dimensional Heisenberg group equipped with its standard qc structure. For any f ∈ C ∞ o (G (H)) we have (6.4) ∇ 2 f L 2 (G (H)) ≤ c n △f L 2 (G (H)) , c n = 1 + 1 n .
As a consequence of the above estimate, [17] and [16] which generalize Cordes' results to the sub-Riemannian setting it follows that for (6.5) 2 ≤ p < 2 + n + n √ 16n 2 + 8n − 3 4n 2 + 2n − 1 a p-harmonic function on an open set Ω ⊂ G (H) on the quaternionic Heisenberg group of dimension 4n + 3, f ∈ S 1,p (G (H)), has in fact additional regularity f ∈ S 2,2 loc (G (H)). Here S k,p (Ω) denote the usual nonisotropic Sobolev spaces, see for example [19] . Similarly to [17] and [16] one can then obtain a C 1,α under suitable restrictions on p. Obtaining the C 1,α property of the solution is in general still an open problem except in some cases, see [16] , [34] and [22] and references therein. The first C 1,α estimate was obtained for the-Laplacian operator on the Heisenberg group [7] .
